Abstract. Let G be a group with a hierarchy whose edge groups at each level are cyclic. We show that when G is also word-hyperbolic, then G is virtually free-by-cyclic. In particular, this holds for groups splitting as graphs of free groups with cyclic edge groups unless they have Baumslag-Solitar subgroups that are not virtually products.
Introduction
Roughly speaking, an elementary hierarchy for a group G is a decomposition of G into trivial groups by a finite sequence of splittings over cyclic subgroups (see Definition 2.1). A group is virtually special if it has a finite-index subgroup that embeds in a right-angled Artin group.
Theorem A. Let G be a finitely generated virtually special group with an elementary hierarchy. Then G is virtually free-by-Z.
We note that for general G, the kernel F of the Z quotient given by Theorem A is an infinitely generated free group. In fact, F is finitely generated if and only if .G/ D 0, by a theorem of Feighn and Handel [FH99] . Theorem A applies in the case where G has an elementary hierarchy and is hyperbolic relative to virtually abelian subgroups [Wis] . In particular we obtain:
Corollary B. Every hyperbolic limit group is virtually free-by-Z.
Indeed, this holds for limit groups that are hyperbolic relative to a collection of Z 2 subgroups. The elementary hierarchy follows from the decomposition result of Kharlampovich-Myasnikov [KM98] and also follows from Sela's "retractive tower"
Research supported by a grant from NSERC. description of limit groups [Sel03] . Note that Z 3 is a limit group that is not free-by-Z. The role that right-angled Artin groups play in the proof of Corollary 1 can be sidestepped somewhat by noting that the collection E of edge groups of the hierarchy survives in some free quotient. It is then not difficult to obtain a Z quotient with free kernel. We also note that Wilton's theorem, that all finitely generated subgroups of limit groups are virtual retracts [Wil08] , gives an alternative way of avoiding the use of right-angled Artin groups. We suspect that hyperbolic limit groups are already free-by-Z, and it is unnecessary to pass to a finite index subgroup. For general limit groups, following the proof of Theorem 3.4 and considering the induced hierarchy of the kernel leads to the conclusion that they are virtually F -by-Z, where F is the free product of free abelian groups. We wonder if there is a direct proof that hyperbolic limit groups are virtually free-by-Z.
The simplest non-free examples of groups with an elementary hierarchy are finite graphs of free groups with cyclic edge groups. These include cyclically-pinched onerelator groups as well as HNN extensions of free groups along cyclic subgroups. In Both Corollary 1 and Corollary 1 generalize the well-known fact that surface groups are (virtually) free-by-cyclic. Moreover, they are free-by-Z in any direction in a sense upon which we elaborate in Remark 3.6.
We note that there are free-by-Z groups that do not have elementary hierarchies. For example, the fundamental group of a finite-volume cusped hyperbolic 3-manifold M fibering over S 1 has no codimension-1 subgroup isomorphic to Z. Indeed, one can see this because its JSJ decomposition is trivial. There are word-hyperbolic free-by-Z such examples as well. Also, while the free product of free-by-Z groups is readily seen to be free-by-Z, the class of (virtually) free-by-cyclic groups is not closed under HNN extensions along Z subgroups. The case of amalgamated free products along infinite cyclic subgroups is discussed in Remark 3.6. Acknowledgement. We thank the referee for helpful corrections.
Elementary hierarchies
Definition 2.1 (Elementary hierarchy). A group is elementary if it is either trivial or infinite cyclic. The trivial group has an elementary hierarchy of length 0. Suppose that the group G splits as a connected graph of groups in which each vertex group has an elementary hierarchy of length .n 1/ and each edge group is elementary. Then G has an elementary hierarchy of length n. The group G is said to have an elementary hierarchy if it has an elementary hierarchy of length n for some n 0. More generally, G has a hierarchy if it decomposes as above, but with no stipulations about the edge groups.
Formally, a hierarchy of length n for G is a graded set L D`n iD1 L i , where the i th level L i is a set of connected graphs of groups, each of which is a decomposition of a vertex group of an element of L i 1 . The vertex groups of the elements of L n are trivial, and L 1 is a one-element set containing the initial decomposition of G.
A hierarchy for a group G is of finite type if the elements of each level are finite graphs of groups. By definition, the class of groups admitting a (finite-type) elementary hierarchy is closed under (finite) sequences of successive HNN extensions and amalgams over elementary subgroups. Example 2.3 (Graphs of free groups with Z edge groups). Observe that finitely generated groups that split as graphs of free groups with infinite cyclic edge groups are exactly the groups having finite-type elementary hierarchies of length two.
Lemma 2.4. Let K be a group with an elementary hierarchy (not necessarily of finite type). If the edge groups at each level are trivial, then K is free.
Proof. This is proved by induction on the length n of the hierarchy. The base case n D 0 simply states that trivial groups are free. For n 1, K splits as a graph of groups whose vertex groups are free by the induction hypothesis, and whose edge groups are trivial. Thus K is a free product of free groups.
Remark 2.5. Suppose that G has an elementary hierarchy of finite type. Then G has a hierarchy in which the underlying graphs of all of the elements of each level are graphs with a single edge. Thus G can be decomposed into trivial groups with a finite sequence of HNN extensions and amalgamated free products along trivial and infinite cyclic subgroups.
In particular, if G has an elementary hierarchy of finite type, then since each cyclic subgroup is quasi-isometrically embedded, it has a "quasiconvex cyclic hierarchy" in the sense of [Wis] . In the word-hyperbolic case, this implies that G is virtually special.
The Baumslag-Solitar group BS.m; n/ has an elementary hierarchy of length 2 when m; n ¤ 0, since it is a single HNN extension of an infinite cyclic group by an elementary subgroup. However, the edge group is not quasiconvex, and for m ¤˙n, the group BS.m; n/ is not virtually special. This is the reason for the exclusion of such subgroups from Corollary C.
3. Virtually special groups with elementary finite-type hierarchies 3.1. Elementary subgroups of right-angled Artin groups. We use the following well-known fact [Gre90] .
Lemma 3.1. A finitely-generated right-angled Artin group R has a finite-type hierarchy such that the elements of each level are loops and the vertex groups of the elements at each level are right-angled Artin groups.
Proof. Let be the finite graph associated R, so that R Š hv 2 0 j OEu; v W .u; v/ 2 1 i. Let v be a generator. Consider the graph R obtained by removing the vertex v and all of its incident open edges. Let v be the full subgraph of R generated by the vertices adjacent to v. Note that for the corresponding right-angled Artin groups we have: R v Ä R R < R and R v Ä Z R .v/. Accordingly, R splits as an HNN extension of R R, conjugating the subgroup R v to itself by the stable letter v. Since R R is generated by a proper subset of the generators of R v , the resulting sequence of HNN extensions yields a finite-type hierarchy.
A subgroup H Ä G is a virtual retract if there is a finite-index subgroup G 0 Ä G and a retraction G 0 ! G 0 \ H . For instance, by Marshall Hall's theorem, every infinite cyclic subgroup of a free group is a virtual retract [Sta83] .
Lemma 3.2. Let r 2 R be an element of a right-angled Artin group. Then hri is a virtual retract.
Proof. This follows by induction on the length of the hierarchy for R given by Lemma 3.1. In the length-0 case, R is a trivial group and the result is immediate.
Suppose that the hierarchy for R has length n, and that the result holds for any right-angled Artin group with a finite-type hierarchy of length at most n 1. By Lemma 3.1, R is an HNN extension R D R R R t . For some conjugate r g of r, either r g 2 R R, or by the Normal Form Theorem r g D s, where s D r 0 t 0 r 1 t 1 : : : r m t m , each i D˙1 and r i 2 R R but r i 6 2 R t whenever i 1 D i .
In the former case, r is conjugate into R R, so that hr g i is a virtual retract by the induction hypothesis. Thus hr g i is a virtual retract of R R g , which itself is a retract of R. In the latter case, since the edge group R t is separable, there is a finite quotient R R ! x R such that N r i 6 2 x R t for each relevant i above. Thus the normal form N s is nontrivial in the quotient R R R t ! x R x R t . This quotient group Q is virtually free since it is a finite graph of finite groups [KPS73] . Therefore the infinite cyclic subgroup hN si is a virtual retract. A finite-index subgroup Q 0 of Q that retracts to hN s d i induces a finite-index subgroup R 0 of R that retracts to hs d i.
Remark 3.3 (Maximal abelian subgroups). Any finitely generated abelian subgroup
A Ä R is a virtual retract. Indeed, if a 1 ; : : : ; a m generate A, then by Lemma 3.2, there are finite-index subgroups R i Ä R and retractions i W R i ! R i \ ha i i. There is thus a finite quotient R ! N R whose kernel R 0 retracts onto its intersection with each direct factor of A, so that R 0 retracts onto R 0 \ A. In particular, every finitely generated abelian subgroup of a right-angled Artin group is a virtual retract.
Cyclic quotients of special groups.
A (finitely-generated) right-angled Artin group is 1 of a (compact) nonpositively curved cube complex. G is special if it is the fundamental group of a nonpositively curved cube complex that admits a local isometry to the cube complex of a right-angled Artin group [HW08] . Equivalently, G is special if it embeds in some right-angled Artin group. Note that if G is a finitely generated special group, then it embeds in a finitely generated right-angled Artin group.
Theorem 3.4. Let G be a finitely-generated special group, and let E be a finite collection of elementary subgroups of G. Then there is a finite-index subgroup x G and a homomorphism W x G ! Z such that ker. / \ gEg 1 D f1g for each E 2 E and g 2 x G.
Proof. Let G embed in the finitely generated right-angled Artin group R. Then each E 2 E is an elementary subgroup of R. Thus it suffices to construct a Z quotient of some finite-index subgroup of R in which each element of E virtually embeds. There are finitely many such subgroups. Lemma 3.2 implies that each E 2 E is a retract of an associated finite-index subgroup of R. There is thus a finite-index subgroup R 0 such that, for each E 2 E, the elementary subgroup E 0 D E \ R 0 Ä R 0 is a retract. Consequently, each map H 1 .E 0 / ! H 1 .R 0 / induced by inclusion is injective. Hence H 1 .R 0 / has a generating set containing a maximal linearly independent set OEe 1 ; OEe 2 ; : : : ; OEe n of images of homology classes of the generators of the various E 0 . Consider a map W H 1 .R 0 / ! Z constructed by sending all generators to 0, except for OEe i 7 ! z i ¤ 0 for 1 Ä i Ä n. For each E 0 , the kernel of intersects E 0 (and its conjugates) nontrivially only if .z i / 1ÄiÄn lies in one of finitely many codimension-1 hyperplanes of Q n . Hence may be chosen so that each E survives in the quotient.
The subgroups E 0 are abelian, so there is an induced homomorphism R 0 ! Z whose kernel does not intersect any conjugate of E 0 nontrivially. Finally, the restriction of this map to G 0 D R 0 \ G gives the desired map .
We now restate and prove Theorem A:
Corollary 3.5. Let G be a virtually special group with an elementary hierarchy of finite type. Then G is virtually free-by-Z.
Proof. Since it has a finite-type hierarchy, G is finitely generated. It is sufficient to handle the case when G is actually special. By Theorem 3.4, there exists a finite-index subgroup x G Ä G and an epimorphism W x G ! Z such that ker. / \ gEg 1 D f1g for each edge group E and each g 2 x G, since there are finitely many edge groups, all elementary. By construction, the elements of each level of the induced hierarchy for ker. / are graphs of groups with trivial edge groups. Lemma 2.4 implies that has free kernel, and thus x G is free-by-Z.
Remark 3.6. Consider an amalgam G D G 1 H G 2 , where H is infinite cyclic and each G i is free-by-Z. A homomorphism G ! Z determines homomorphisms G i ! Z that must coincide on H . These homomorphisms may differ from those provided by the free-by-Z assumption, and so it is not clear that the class of freeby-Z groups is closed under amalgams along Z subgroups. Roughly, in order to be free-by-Z, each G i must admit enough cyclic quotients with free kernel so that a compatible pair of such maps can be chosen. For instance, a surface group can be written as an amalgam of two free groups along a Z subgroup, so that any Z quotient of either factor has free kernel, and thus any compatible pair gives a quotient with the same property. In this sense, surface groups are free-by-Z in any "direction". The induced hierarchy for the kernel of these quotients is not of finite type when the genus is at least 2, and in particular the kernel is then an infinitely generated free group. More generally, the proof of Theorem 3.4 uses the elementary hierarchy to specify the choice of "direction", and the induced hierarchy considerations in Corollary 3.5 guarantee that (a finite-index subgroup) of the group is free-by-Z in that direction.
We now restate and prove Corollary C: Corollary 3.7. Let G split as a finite graph of free groups with cyclic edge groups. Suppose that G has no BS.m; n/ subgroup with m ¤˙n. Then G is virtually free-by-Z.
Proof. It was proven in [HW] that G is virtually the fundamental group of a compact special cube complex unless G contains a BS.m; n/, where m ¤˙n. Conversely, no such BS.m; n/ is virtually free-by-Z. Indeed, when neither of m; n D˙1, then BS.m; n/ is not residually finite and therefore not free-by-Z [Bau71] . In the case BS.˙1; n/, all of finite-index subgroups have commutator subgroup that is locally cyclic but not cyclic when jnj > 1.
